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Gunther Uhlmann Department of Mathematics, Univ. of Washington, Seattle, WA 98195 (Dated: February 4, 2008) We describe new configurations of electromagnetic (EM) material parameters, the electric permittivity ǫ and magnetic permeability µ, that allow one to construct from metamaterials objects that function as invisible tunnels. These allow EM wave propagation between two points, but the tunnels and the regions they enclose are not detectable to EM observations. Such devices function as wormholes with respect to Maxwell’s equations and effectively change the topology of space v isa-vis EM wave propagation. We suggest several applications, including devices behaving as virtual magnetic monopoles. PACS numbers: 41.20.Jb, 42.79.Ry



Introduction - New custom designed electromagnetic (EM) media, or metamaterials, have inspired plans to create invisibility, or cloaking, devices that would render objects located within invisible to observation by exterior measurements of EM waves [1, 2, 3, 4, 5]. Such a device is theoretically described by means of an “invisibility coating”, consisting of material whose EM material parameters (the electric permittivity ǫ and magnetic permeability µ) are designed to manipulate EM waves in a way that is not encountered in nature. Mathematically, these constructions have their origin in singular changes of coordinates ; similar analysis in the context of electrostatics (or its mathematical equivalent) is already in [7, 8, 9]. A version for elasticity is in [6]. Physically, cloaking has now been implemented with respect to microwaves in [11], with the invisibility coating consisting of metamaterials fabricated and assembled to approximate yield the desired ideal ǫ and µ at 8.5 GHz. Mathematically, this type of cloaking construction has its origins in a singular transformation of space in which an infinitesimally small hole has been stretched to a ball (the boundary of which is the cloaking surface). An object can then be inserted inside the hole so created and made invisible to external observations. We call this process blowing up a point. The cloaking effect of such singular transformations was justified in [1, 2] both on the level of the chain rule on the exterior of the cloaking surface, where the transformation is smooth, and on the level of ray-tracing on the exterior. However, to fully justify this construction, one needs to study physically meaningful, i.e., finite energy, solutions of the resulting degenerate Maxwell’s equations on all of space, including the cloaked region and particularly at the cloaking sur-



face itself. This was carried out in [5] and it was shown that the original cloaking constructions in dimension 3 are indeed valid; furthermore, EM active objects may be cloaked as well, if the cloaking surface is appropriately lined. However, although the analysis works at all frequencies k, the cloaking effect should be considered as essentially monochromatic, or at least narrow-band, using current technology, since the metamaterials needed to physically implement these ideal constructions are subject to significant dispersion [2]. These same considerations hold for the wormhole constructions described here; the full mathematical analysis will appear elsewhere. In this Letter, we show that more elaborate geometric ideas enable the construction of devices, i.e., the specification of ǫ and µ, that function as EM wormholes, allowing the passage of waves between possibly distant points while most of the region of propagation remains invisible. At a noncloaking frequency, the resulting construction appears (roughly) as a solid cylinder with flared ends, but at frequencies k for which ǫ and µ are designed, the wormhole device has the effect of changing the topology of space. EM waves propagate as if R3 has a handlebody attached to it (Fig. 1); any object inside the handlebody is only visible to waves which enter from one of the ends; conversely, EM waves propagating from an object inside the wormhole can only leave through the ends. A magnetic dipole situated near one end of the wormhole thus would appear to an external observer as a magnetic monopole. Already on the level of ray-tracing, the wormhole construction gives rise to interesting effects (Fig. 2). We will conclude by describing other possible applications of wormhole devices. The wormhole manifold M - First we explain what we



2 mean by a wormhole. The concept is familiar from cosmology [12, 13], but here we define a wormhole as an object obtained by stretching and gluing together pieces of Euclidian space. We start by describing the mathematical idealization of this process; afterwards, we explain how this can be effectively realized vis-a-vis EM wave propagation using metamaterials. Let us start by making two holes in the Euclidian space R3 = {(x, y, z)|x, y, z ∈ R}, say by removing the open ball B1 = B(O , 1) with center at the origin O and of radius 1, and also the open ball B2 = B(P, 1), where P = (0, 0, L) is a point on the z-axis having the distance L > 3 to the origin. We denote by M1 the region so obtained, M1 = R3 \(B1 ∪B2 ), which is the first component we need to construct a wormhole. Note that M1 is a 3-dimensional manifold with boundary, the boundary of M1 being ∂M1 = ∂B1 ∪∂B2 , the disjoint union of two two-spheres. I.e., ∂M1 can be considered as S2 ∪ S2 , where we will use S2 to denote various copies of the two-dimensional unit sphere. M



FIG. 1: Schematic figure: a wormhole manifold is glued from two components, the “handle” and space with two holes. In the actual construction, components are 3-dimensional.



The second component is a 3−dimensional cylinder, M2 = S2 × [0, 1]. This cylinder can be constructed by taking the closed unit cube (0, 1)3 in R3 and, for each value of 0 < s < 1, gluing together, i.e., identifying, all of the points on the boundary of the cube with z = s. Note that we do not glue points at the top of the boundary, at z = 1, or at the bottom, at z = 0. We then glue together the boundary ∂B(O , 1) of the ball B(O , 1) with the lower end S2 × {0} of M2 and the boundary ∂B(P, 1) with the upper end S2 × {1}. In doing so we glue the point (0, 0, 1) ∈ ∂B(O , 1) with the point N P × {0} and the point (0, 0, L−1) ∈ ∂B(P, 1) with the point N P ×{1}, where N P is the north pole on S2 . The resulting domain M no longer lies in R3 , but rather has the shape of the Euclidian space with a 3−dimensional handle attached. Mathematically, M is a three dimensional manifold (without boundary) that is the connected sum of the components M1 and M2 , see Fig. 1. Note that adding this handle makes it possible to travel from one point in M1 to another point in M1 not only along curves lying in M1 but also those in M2 . To consider Maxwell’s equations on M , we start with Maxwell’s equations on R3 at frequency k ∈ R, given by ∇ × E = ikB, ∇ × H = −ikD, D = εE, B = µH. (1) Here E and H are the electric and magnetic fields, D and B are the electric displacement field and the magnetic flux density, ε and µ are matrices corresponding to permittivity and permeability. As the wormhole is topologically different from the Euclidian space R3 , we need to use Maxwell’s equations corresponding to a general Riemannian metric, g = gjk , rather than the Euclidian



metric g0 = δij . For our purposes, as in [5, 14] we use ε, µ which are conformal, i.e., proportional by scalar fields, to the metric g. In this case, Maxwell’s equations can be written, in the coordinate invariant form, as dE = ikB, dH = −ikD,



D = ǫE, B = µH, (2)



in M , where E, H are 1-forms, D, B are 2-forms, d is the exterior derivative, and ǫ and µ are scalar functions times the Hodge operator of (M, g), which maps 1-forms to the corresponding 2-forms [15, 16]. In local coordinates these equations are written in the same form as Maxwell’s equations in Euclidian space with matrix valued ε and µ. For simplicity, we choose a metric on the wormhole manifold M which is Euclidian on M1 , and on M2 is the product of a given metric g0 on S2 and the metric δ 2 dx2 on [0, 1] where δ > 0 is the “length” of the wormhole. For δ 
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