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Abstract In this work we provide polyphase, modulation, and frame theoretical analyses of a filter bank on a discrete abelian group. Thus, multidimensional or cyclic filter banks as well as filter banks for signals in `2 (Zd × Zs ) or `2 (Zr × Zs ) spaces are studied in a unified way. We obtain perfect reconstruction conditions and the corresponding frame bounds.
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Introduction



The aim of this paper is to provide a filter bank theory for processing signals in the space `2 (G) where G denotes a discrete abelian group. Working in this general setting allows the study, at the same time, of unidimensional (setting `2 (G) = `2 (Z)), multidimensional (`2 (G) = `2 (Zd )), cyclic filter banks (`2 (G) = `2 (Zs )), as well as filter banks processing signals in the spaces `2 (Zd × Zs ), `2 (Zr × Zs ), `2 (Zds ) or `2 (Zr × Zs × Zv ). Thus, the proposed abstract group approach is not just a unified way of dealing with classical discrete groups Z, Zd or Zs ; it also allows us to deal with products of these groups. As a consequence, the availability of an abstract filter bank theory becomes a useful tool to handle these problems at the same time and it could also be applied to some applications in the future. Moreover, the notation is easier, especially compared to this of multidimensional setting. Filter banks have proven to be very useful in digital signal processing or in wavelet theory (see, for instance, [15, 18, 21] and references therein). The original theory for filter banks for signals in `2 (Z) was extended to multidimensional filter banks (see, for instance, [7, 18, 22]), as well as for cyclic filter banks [19, 20]. Associated to an unidimensional analysis filter bank there  is a sequence of shifts fk (· − n) k=1,...,K; n∈Z of K elements fk in `2 (Z). The frame properties of this sequence give information about the corresponding filter bank: its dual frames provide the synthesis filter banks, and its frame bounds provide information on the filter bank stability. A frame analysis of unidimensional filter banks has been carried out in Refs. [2, 9]; the frame analysis on cyclic filter banks was also done in Refs. [4, 5, 6, 10]. All these results can be recovered from our unified approach. It is also worth to mention the related Refs. [1, 13, 14]. In the present paper we carry out polyphase, modulation, and frame theoretical analyses for filter banks associated with signals on a general discrete abelian group. Thus, we obtain necessary and sufficient perfect reconstruction (PR) conditions. We also obtain necessary and sufficient frame conditions, yielding the optimal frame bounds. In particular, we extend the Keywords and phrases: Multidimensional Filter Banks, Cyclic Filter Banks, Discrete Abelian Groups, Frames, Locally Compact Abelian (LCA) groups. E-mail: [email protected], [email protected], [email protected] This work has been supported by the grant MTM2014-54692-P from the Spanish Ministerio de Econom´ıa y Competitividad (MINECO)
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frame analysis given in Refs. [2, 4, 6, 9, 10] to multidimensional filter banks. Our study, frame analysis included, is done in the polyphase domain, which has proven to be more useful and efficient in filter banks design. For the sake of completeness, we also include filter banks representation in the modulation domain, as well as the relationship between polyphase and modulation matrices. The paper is organized as follows: Section II introduces the properties of Fourier transform for discrete abelian group used along the article. Section III deals with filter banks on discrete abelian groups. In Section IV we apply the obtained results in Section III to a wide variety of examples. An appendix section includes the proofs of the involved results. Finally, let us mention that the reader interested only in multidimensional or cyclic filter banks can go directly to Section 4; the underlying meaning of the terms appearing there can be taken directly from Fig. 1 and Eqs. (2) and (9).
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Harmonic analysis on Discrete Abelian Groups



Most of the results included here are borrowed from [11]; they can also be found in [12] and [16]; for an introduction to groups theory and symmetries in signal processing, see [17].



2.1



Convolutions



Let G be a abelian discrete countable group with the operation group denoted by +. For, P 1 ≤ p < ∞, `p (G) denotes the set of functions x : G 7→ C such that kxkpp = n∈G |x(n)|p < ∞. For x, y ∈ `2 (G) we define its convolution as X (x ∗ y)(m) = x(n)y(m − n) , m ∈ G . n∈G



The series above converges absolutely for any m ∈ G [11, Proposition 2.40]. According to [11, Proposition 2.39], if y ∈ `1 (G) then x ∗ y ∈ `2 (G) and kx ∗ yk2 ≤ kxk2 kyk1 .



2.2



(1)



The Fourier transform



Let T = {z ∈ C : |z| = 1} be the torus. We said that ξ : G 7→ T is a character of G if ξ(n + m) = ξ(n)ξ(m) for all b n, m ∈ G. We denote ξ(n) = hn, ξi. Defining (ξ + γ)(n) = ξ(n)γ(n), the set of characters G with the operation + is a group, called the dual group of G. For x ∈ `1 (G) we define its Fourier transform as X b X(ξ) = x b(ξ) = x(n)hn, ξi, ξ ∈ G. n∈G



It is known [11, Theorem 4.5] that b∼ Z = T, with hn, zi = z n , bs ∼ Z = Zs = Z/sZ, with hn, mi = Wsnm , 2



where Ws = e2πi/s . Thus, the Fourier transform on Z is the z-transform, X X(z) = x(n)z −n n∈Z



and the Fourier transform on Zs is the s-point DFT, X X(m) = x(n)Ws−nm . n∈Zs



b satisfying µ(ξ + E) = µ(E), There exists a unique measure, called the Haar measure, µ on G R R b b for every Borel set E ⊂ G [11, Section 2.2], and µ(G) = 1. We denote Gb X(ξ)dξ = Gb X(ξ)dµ(ξ). If G = Z, Z Z Z 2π 1 X(ξ)dξ = X(z)dz = X(eiw )dw , 2π 0 b G T and if G = Zs ,



Z



Z



X(n)dn =



X(ξ)dξ = b G



Zs



1 X X(n) . s n∈Zs



R b denotes the set of functions X : G b 7→ C such that kXkpp = b |X(ξ)|p dξ < For 1 ≤ p < ∞, Lp (G) G b Thus, ∞. The Fourier transform on `1 (G) ∩ `2 (G) is an isometry on a dense subspace of L2 (G). 2 2 b [11, p. 99]. it can be extended in a unique manner to a surjective isometry of ` (G) onto L (G) 1 1 b The Fourier transform satisfies that if x ∈ ` (G) and X ∈ L (G) then Z x(n) = X(ξ)hn, ξidξ, n ∈ G (Inversion Theorem [11, Theorem 4.32]). b G



and if x ∈ `2 (G) and h ∈ `1 (G) then (x ∗ h)∧ (ξ) = X(ξ)H(ξ),



b a.e. ξ ∈ G



[12, Theorem 31.27].



If G1 , . . . Gd are abelian discrete groups then the dual group of the product group is ∧ b1 × . . . × G bn G1 × . . . × Gd ∼ =G [11, Proposition 4.6] with 



 (x1 , x2 , . . . , xd ) , (ξ1 , ξ2 . . . , ξd ) = hx1 , ξ1 ihx2 , ξ2 i · · · hxd , ξd i. cd ∼ Hence, Z = Td and the corresponding Fourier transform is X X(z) = x(n)z −n , z = (z1 , . . . , zd ) ∈ Td , n∈Zd



∼ where z n = z1n1 . . . zdnd . Besides, Z\ s × Zr = Zs × Zr and the corresponding Fourier transform is X X(m) = x(n)Ws−n1 m1 Wr−n2 m2 , m ∈ Zs × Zr . n∈Zs ×Zr
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2.3



The lattice M



Throughout the article, we assume that M is a subgroup of G with finite index L; we fix a set of representatives of the cosets of M , L = {`0 , . . . , `L−1 }, i.e., the group G can be decomposed as G = (`0 + M ) ∪ (`1 + M ) ∪ . . . ∪ (`L−1 + M ) with (`r + M ) ∩ (`r0 + M ) = ∅ for r 6= r0 (L is also called a transversal or a section of M ). For instance, for G = Z and M = mZ we can take L = {0, 1, . . . , m − 1} since Z = mZ ∪ (1 + mZ) ∪ · · · ∪ (m − 1 + mZ). We denote by ∗M the convolution with respect to the subgroup M , i.e., X  c ∗M d (n) = c(m) d(n − m) , n ∈ M . m∈M



2.4



The M -Fourier transform



 b defined by M ⊥ = ξ ∈ G b : hm, ξi = 1 for all m ∈ M . The annihilator of M is a subgroup of G M ⊥ has L elements [11, Section 4.3]. We have that 



 ⊥ c∼ b M with m, ξ + M ⊥ = hm, ξi [11, Theorem 4.39] . = G/M We denote by C(ξ + M ⊥ ) or b c(ξ + M ⊥ ) the Fourier transform of a function c in the group M , i.e. X X c(m)hm, ξi. C(ξ + M ⊥ ) = c(m)hm, ξ + M ⊥ i = m∈M



m∈M



The polyphase analysis in Section 3 relies on this transform. Thus, in many occasions to simplify c by γ instead of ξ + M ⊥ . To prevent confusions, we the notation we denote the characters of M call C(γ) the M -Fourier transform of c.
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Filter banks



For a complex function x with domain in G, we denote its restriction to the subgroup M as (↓M x)(m) = x(m),



m ∈ M.



For a complex function x with domain M we define the expander to G as ( x(n), n ∈ M (↑M x)(n) = 0, n∈ / M. Notice that when G = Z and M = mZ, the functions ↓M x and ↑M x are similar to the decimation and the expander defined as (↓m x)(n) = x(nm), (↑m x)(n) = 1M (n)x(n/m), but are not the same. Nevertheless, ↑m ↓m x =↑M ↓M x. We consider the filter bank represented in Fig. 1, i.e., X  ck = ↓M (x ∗ hk ) and y = (↑M ck ) ∗ gk , k∈K
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k ∈ K := {1, 2, . . . , K} ,



x(n)



c1 (m)



H1



↓M



H2



↓M



↑M



G1



↑M



G2



c2 (m) .. .



.. .



HK



.. .



cK (m) ↓M



↑M



GK



y(n)



Figure 1: K-Channel Filter Bank



or equivalently y(n) =



X X



(x ∗ hk )(m) gk (n − m),



n ∈ G.



(2)



k∈K m∈M



Throughout the article, we assume that the filters hk , gk ∈ `1 (G), for k ∈ K. This assumption guarantees the convergence of series involved in (2) for any x ∈ `2 (G). Indeed, from (1) we have that x ∗ hk ∈ `2 (G) and then, from (1) again, we have that the series in (2) converges absolutely, and y ∈ `2 (G).



3.1



Polyphase analysis



For k ∈ K and ` ∈ L we define the polyphase components x` (m) = x(m + `), hk,` (m) = hk (m − `),



y` (m) = y(m + `), g`,k (m) = gk (m + `),



m ∈ M,



and we denote their M -Fourier transforms by X` (γ), Y` (γ), Hk,` (γ), G`,k (γ) respectively. For any x ∈ `2 (G) and m ∈ M , we have X XX ck (m) = (x ∗ hk )(m) = x(n) hk (m − n) = x(n + `) hk (m − n − `) n∈G



=



XX



`∈L n∈M



x` (n) hk,` (m − n) =



`∈L n∈M



X



(x` ∗M hk,` )(m).



`∈L



All the series above converge absolutely since we have assumed that hk ∈ `1 (G). Moreover, ck ∈ `2 (M ) since x ∗ hk ∈ `2 (G). Taking the M -Fourier transform, we obtain X Ck (γ) = Hk,` (γ)X` (γ). (3) `∈L



Thus, we have the matrix expression C(γ) = H(γ)X(γ)



c, a.e. γ ∈ M



(4)



where C = [Ck ]k∈K ,



X = [X` ]`∈L ,



  H = Hk,` k∈K, `∈L .



(5)



Above, C and X denote column vectors, i.e., C = [C1 , . . . , CK ]> and X = [X`0 , . . . , X`L−1 ]> . 5



The polyphase components of the output y are XX y` (m) = y(m + `) = ck (n)gk (m + ` − n) k∈K n∈M



=



XX



ck (n) g`,k (m − n) =



k∈K n∈M



X



(ck ∗M g`,k )(m).



k∈K



Taking the M -Fourier transform, we obtain X Y` (γ) = G`,k (γ)Ck (γ)



c, a.e. γ ∈ M



k∈K



which can be written as Y(γ) = G(γ)C(γ)



c, a.e. γ ∈ M



(6)



where Y = [Y` ]`∈L ,



  G = G`,k `∈L, k∈K .



(7)



Thus, from (4) and (6), we have Y(γ) = G(γ) H(γ) X(γ)



c. a.e. γ ∈ M



(8)



On the other hand, we consider in the following Proposition a generalization to discrete groups of the polyphase transform (see [3]). c) × · · · × L2 (M c) Proposition 1 The transformation P : `2 (G) → L2 (M P(x) = X = [X` ]`∈L , is a surjective isometry.



(L times) defined by



From (8) and by using Proposition 1, we easily deduce Theorem 1 The filter bank in Fig. 1 satisfies y = x for all x ∈ `2 (G) (Perfect Reconstruction) c. if and only if G(γ) H(γ) = IL for all γ ∈ M Since we have assume that the filters hk , gk are in `1 (G), the entries of matrices G(γ) and H(γ) are continuous (see proof of Theorem 1). That explains why in the PR characterization c instead of a.e. γ ∈ M c. appears for all γ ∈ M It is easy to check that between the polyphase transform and the Fourier transform, there exists the relationship   b where p(ξ) = h`, ξi X(ξ) = p> (ξ)X(ξ + M ⊥ ), ξ ∈ G, . `∈L Then, from (8) the Fourier transform of the output y is expressed as Y (ξ) = p> (ξ) G(ξ + M ⊥ )H(ξ + M ⊥ ) X(ξ + M ⊥ )
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b a.e. ξ ∈ G.



3.2



Frame analysis



We denote (Tm f )(n) = f (n − m) and the involution of the analysis filter by fk (n) = hk (−n). Then X ck (m) = (x ∗ hk )(m) = x(n) hk (m − n) = hx, Tm fk i`2 (G) , m ∈ G, k ∈ K , (9) n∈G



and expansion (2) can be written as X X y= hx, Tm fk i`2 (G) Tm gk . k∈K m∈M



  Thus, the filter bank in Fig. 1 is related to the sequences Tm fk k∈K, m∈M and Tm gk k∈K, m∈M . The following theorems provide frame properties of these sequences. In Ref. [8] the reader can find the main properties of frames and Riesz bases. Recall, that we have assumed that hk ∈ `1 (G) which is equivalent to assume that fk ∈ `1 (G). Theorem 2 The sequences







Tm fk



k∈K, m∈M



and







Tm gk



k∈K, m∈M



are dual frames for `2 (G)



c. if and only if G(γ) H(γ) = IL for all γ ∈ M Let H∗ denote the transpose conjugate of the matrix H.  Theorem 3 The sequence Tm fk k∈K, m∈M is a frame for `2 (G) if and only if Rank H(γ) = L c. In this case, the optimal frame bounds are for all γ ∈ M A = Minγ∈M cλmin (γ)



and



B = Maxγ∈M cλmax (γ)



where λmin (γ) and λmax (γ) are the and the largest eigenvalue of the matrix H∗ (γ)H(γ),  smallest and the canonical dual frame is Tm fek k∈K, m∈M where P fek = (H∗ H)−1 Pfk , k ∈ K. The synthesis matrix G(γ) corresponding to the canonical dual frame is [H(γ)∗ H(γ)]−1 H∗ (γ), which is the Moore-Penrose pseudoinverse H† (γ) of the analysis matrix H(γ). Analogously, the optimal frame bounds of the dual frame Tm gk k∈K, m∈M are given by Ag = Minγ∈M cµmin (γ) and Bg = Maxγ∈M cµmax (γ), where µmin (γ) and µmax (γ) are the smallest and the largest eigenvalue of the matrix G(γ)G∗ (γ). For the canonical dual frame gk = fek , we have that Ag = 1/B and Bg = 1/A [8, Lemma 5.1.1]. The frame bounds give information about stability of the filter bank. Notice that, by its  the definition, the optimal frames bounds of Tm fk k∈K,m∈M are the tightest numbers 0 < A ≤ B such that X X X X Akxk22 ≤ |ck (m)|2 = |(x ∗ hk )(m)|2 ≤ Bkxk22 , x ∈ `2 (G) . k∈K m∈M



k∈K m∈M



Thus B gives a measure of how an error in the input x of the analysis filter bank affects to subband signals ck . For the synthesis, we have that Bg is the tightest number such that [8, Theorem 3.2.3]



X X



2 X X 



kyk2 = ck (m)gk (· − m) ≤ Bg |ck (m)|2 . k∈K m∈M



k∈K m∈M
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Thus Bg gives a measure of how an error in the subband signals ck affects to the recovered signal y. The smallest possible value for Bg is 1/A, which correspond to take the canonical dual frame. One can find a sensitivity analysis based on frame bounds in Ref. [2]; see also [8, p. 118]. c, we deduce Having in mind that A = B if and only if H∗ (γ) H(γ) = A IL for all γ ∈ M  Corollary 1 The sequence Tm fk k∈K, m∈M is a tight frame for `2 (G) if and only if there exists c. In this case, the frame bound is A. A > 0 such that H∗ (γ) H(γ) = A IL for all γ ∈ M For maximally decimated filter banks, we have the following result  Theorem 4 Assume that L = K. The sequence Tm fk k∈K, m∈M is Riesz basis for `2 (G) if c. In this case, the optimal Riesz bounds are the constants and only if det H(γ) 6= 0 for all γ ∈ M A and B defined in Theorem 3.



3.3



Modulation Analysis



b with L elements. Recall that M ⊥ , the annihilator of M , is a subgroup of G Proposition 2 For any x ∈ `2 (G), the M -Fourier transform of (↓M x) is 1 X b (↓M x)∧ (ξ + M ⊥ ) = X(ξ + η), a.e. ξ ∈ G. L ⊥ η∈M



1P Hence, the M -Fourier transform of ck =↓M (x∗hk ) is Ck (ξ+M ⊥ ) = ⊥ X(ξ+η)Hk (ξ+η). L η∈M   Hence, denoting C = Ck k∈K , we have C(ξ + M ⊥ )> =



1 Hmod (ξ) xmod (ξ), L



(10)



  Hmod (ξ) = Hk (ξ + η) k∈K, η∈M ⊥ .



(11)



where   xmod (ξ) = X(ξ + η) η∈M ⊥ ,



For any c ∈ `2 (M ), the Fourier transform of (↑M c) is M ⊥ -periodic; specifically, for any η ∈ M ⊥ , X X (↑M c)∧ (ξ + η) = [↑M c](n)hn, ξ + ηi = c(m)hm, ξ + M ⊥ i = C(ξ + M ⊥ ). n∈G



m∈M



Then the Fourier transform of X X XX X  y(n) = ck (m)gk (n − m) = (↑M ck )(l)gk (n − l) = (↑M ck ) ∗ gk (n) k∈K m∈M



k∈K l∈G



k∈K



is Y (ξ) = k∈K Ck (ξ + M ⊥ )> Gk (ξ). Then, from (10), the Fourier transform of the output y to the filter bank in Fig. 1 is P



Y (ξ) =



 1 G1 (ξ), G2 (ξ), · · · , GK (ξ) Hmod (ξ) xmod (ξ), L



b ξ ∈ G.



This modulation representation of the output to the filter bank was obtained in [1]. 8



Proposition 3 The K × L matrices Hmod (ξ) and H(ξ), defined in (11) and (5) respectively, are related by b Hmod (ξ) = H(ξ + M ⊥ ) D(ξ) W for all ξ ∈ G,    where W = h`i , ηi i=0,1,...,L−1, η∈M ⊥ and D(ξ) = diag h`0 , ξi, h`1 , ξi, . . . , h`L−1 , ξi . It is worth note that WW∗ = L IL (see (12)) and then H(ξ +M > ) = (1/L)Hmod (ξ)W∗ D(ξ).



4



Examples



In this section we particularize the above general theory on filter banks in four different contexts:



4.1



The case G = Zd and M = {Mn : n ∈ Zd }



Let M be a d × d matrix with integer entries and positive determinant. For the case G = Zd and M = {Mn : n ∈ Zd }, we could take L = −N (M) where N (M) = M[0, 1)n ∩ Zd which has det M elements (see [18]), L = N (M> ) (see [7]), or even other possibilities (see [22]). In the following corollary we write some of the results of Section 3 in terms of the polyphase matrices usually used in this context [7, 18, 22]: hX i hX i E(z) = , R(z) = , z ∈ Td . hk (Mn − `)z −n gk (Mn + `)z −n k∈K, `∈L



n∈Zd



n∈Zd



`∈L,k∈K



Corollary 2 Let λmin (z) and λmax (z) be the smallest  and the largest eigenvalue of the det M × det M matrix E∗ (z)E(z). Then, the sequence Tm fk m∈M, k∈K is a frame for `2 (Zd ) if and only if Rank E(z) = det M for all z ∈ Td . In this case, the optimal frame bounds are A = Minz∈Td λmin (z)



and



B = Maxz∈Td λmax (z).



 It is tight frame if and only if E∗ (z)E(z) = A Idet M , z ∈ Td . The sequences Tm fk m∈M, k∈K  and Tm gk m∈M, k∈K are dual frames if and only if R(z)E(z) = Idet M for all z ∈ Td . Whenever  det M = K, the sequence Tm fk k∈K, m∈M is a Riesz basis for `2 (Zd ) if and only if det E(z) 6= 0 for all z ∈ Zd . In this case, the optimal Riesz bounds are A and B. This corollary generalizes, to the multidimensional case, the results obtained in [2] and [9] in the unidimensional case.



4.2



The case G = Zs and M = L Zs



Assume that s = L N , with L, N ∈ N. Whenever G = Zs and M = LZs we could take L = {0, −1, . . . , −(L − 1)} (mod s) (see [19, 20]). In the following corollary we write the results in terms of the polyphase matrices defined in [19, 20]: E(n) =



−1 h NX m=0



hk (Lm − `)WN−mn



i k∈K, `∈L



,



R(n) =



−1 h NX



gk (Lm + `)WN−mn



i



m=0



c∼ Note that the N -point DFT appears since M = Zs /M ⊥ ∼ = Zs /(N Zs ) ∼ = ZN . 9



`∈L,k∈K



,



n ∈ ZN .



Corollary 3 Let λmin (n) and λmax(n) be the smallest and the largest eigenvalue of the L × L matrix E∗ (n)E(n). The sequence Tm fk m∈M, k∈K is a frame for `2 (Zs ) if and only if Rank E(n) = L for all n ∈ ZN . In this case, the optimal frame bounds are A = Minn∈ZN λmin (n)



and



B = Maxn∈ZN λmax (n).



 It is tight frame if and only if E∗ (n)E(n) = AIL for all n ∈ ZN . The sequences Tm fk m∈M, k∈K  and Tm gk m∈M, k∈K are dual frames if and only if R(n)E(n) = IL for all n ∈ ZN . Whenever  L = K, the sequence Tm fk k∈K, m∈M is a Riesz basis for `2 (Zs ) if and only if det E(n) 6= 0 for all n ∈ ZN . In this case, the optimal Riesz bounds are A and B. Some of these results can be found in [4, 5, 6, 10].



4.3



The case G = Zd × Zs and M = M Zd × L Zs



Consider now the tensor product of previous two examples, i.e., G = Zd × Zs and M = MZd × LZs , where M is a matrix with integer entries, det M > 0 and s = LN . We could take L = N (M) × {0, 1, . . . , (L − 1)}. Set the matrices E(z, n) =



−1 X h NX



hk [Mu, Lm] − `)z −u WN−mn



i



gk [Mu, Lm] + `)z −u WN−mn



i



m=0 u∈Zd



R(z, n) =



−1 X h NX m=0 u∈Zd



k∈K, `∈L



`∈L, k∈K



Corollary 4 The filter bank described in Fig. 1 satisfies the perfect reconstruction property if and only if R(z, n)E(z, n) = IL det M for all z ∈ Td and n ∈ ZN . Let λmin (z, n) and λmax (z, n) be the smallest and L det M × L det M matrix E∗ (z, n)E(z, n). The  the largest eigenvalue of2 the d sequence Tm fk m∈M, k∈K is a frame for ` (Z × Zs ) if and only if Rank E(z, n) = L det M for all z ∈ Td and n ∈ ZN . In this case, the optimal frame bounds are A = Minz∈Td ,n∈ZN λmin (z, n) and B = Maxz∈Td ,n∈ZN λmax (z, n).  Whenever K = L det M, the sequence Tm fk k∈K, m∈M is a Riesz basis for L2 (Zd × Zs ) if and only if det E(z, n) 6= 0 for all z ∈ Zd and n ∈ ZN . In this case, the optimal Riesz bounds are A and B.



4.4



The case G = Z2P × Z2Q and M the Quincunx



The Quincunx M consists of the elements (n, m) in Z2P × Z2Q such that n and m are both even or both odd; it is a subgroup of Z2P × Z2Q . In this case we could take L = {(0, 0), (1, 0)}. Consider the [P, Q]-Points DFT transform P −1 Q−1 X X   DFT x (n, m) = x(u, v)WP−un WQ−vm , u=0 v=0
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and the transform     −n −m [Λx](n, m) = DFT x0 (n, m) + W2P W2Q DFT x1 (n, m), where x0 (n, m) = x(2n, 2m) and x1 (n, m) = x(2n + 1, 2m + 1). Set the matrices h i h i and R(n, m) = Λg`,k (n, m) E(n, m) = Λhk,` (n, m)



`∈L,k∈K



k∈K, `∈L



.



Corollary 5 The filter bank described in Fig. 1 has the perfect reconstruction property if and only if R(n, m)E(n, m) = I2 for all (n, m) ∈ Z2P × ZQ . c∼ Note that M = (Z2P × Z2Q )/M ⊥ ∼ = (Z2P × Z2Q )/{(0, 0), (P, Q)} ∼ = Z2P × ZQ .



Appendix In this appendix we include the proofs of the results in Sections III and IV. Proof of Proposition 1: For x, y ∈ `2 (G) we have X X X X X hx, yi`2 (G) = x(m + `)y(m + `) = x` (m)y` (m) = hx` , y` i`2 (M ) `∈L m∈M



`∈L m∈M



`∈L



X = hX` , Y` iL2 (M c) = hX, YiL2 (M c)×···×L2 (M c) . `∈L



c)×· · ·×L2 (M c), since the M -Fourier transform Then P is a isometry. Besides, for any X ∈ L2 (M c), there exists a function x such that its is a surjective isometric between `2 (M ) and L2 (M polyphase components [X` ]`∈L = X. Hence, P is surjective.  Proof of Theorem 1: Having in mind Proposition 1 and (8) the filter bank satisfies the Perfect c. Since we have assume that Reconstruction property if and only if G(γ)H(γ) = IL a.e. γ ∈ M 1 hk and gk belong to ` (G), their polyphase components, hk,` and g`,k belong to L1 (M ). Then their M -Fourier transform are continuous [11, Proposition 4.13]. Hence, the entries of G(γ)H(γ) c if and only if G(γ)H(γ) = IL for all are continuous. Therefore, G(γ)H(γ) = IL a.e. γ ∈ M c. γ∈M  Proof of Theorem 2: By using (9) and (1), we obtain that for each k ∈ K, X X X |hx, Tm fk i|2 ≤ |hx, Tn fk i|2 = |x ∗ hk (n)|2 m∈M



= kx ∗



hk k22



≤



n∈G 2 kxk2 khk k21 ,



n∈G 2



for all x ∈ ` (G) .



 Hence, Tm fk k∈K,m∈M is a Bessel sequence for `2 (G). Analogously one proves that the sequence  Tm gk k∈K,m∈M is a Bessel sequence for `2 (G). Having in mind Lemma 5.6.2 in [8], the theorem is now a consequence of Theorem 1.  Proof of Theorem 3: First, notice that λmin (γ) and λmax (γ) have a minimum and a maximum c. Indeed, since hk ∈ `1 (G), the entries of H∗ (γ)H(γ) are continuous functions [11, value over M 11



Proposition 4.13] and then λmin (γ) and λmax (γ) are real continuous functions (see [23]). Besides, c is compact [11, Proposition 4.4]. since M is discrete, M  In the proof of Theorem 2 we have showed that Tm fk k∈K,m∈M is a Bessel sequence. Now, we obtain a representation in the polyphase domain for its frame operator X X Sx = hx, Tm fk i Tm fk , x ∈ `2 (G) . k∈K m∈M



Indeed, when gk (n) = fk (n) = hk (−n), then G = H∗ , and the representation (8) reads   PSx (γ) = H∗ (γ)H(γ)X(γ). By using Proposition 1, we get X X hx, Tm fk i 2 = hSx, xi`2 (G) = hPSx, Pxi 2 c c) L (M )×...×L2 (M k∈K m∈M



Z =



∗



  X (γ) PSx (γ)dγ =



c M



Z



X∗ (γ)H∗ (γ)H(γ)X(γ) dγ.



c M



Hence Z X X hx, Tm fk i 2 ≥



Z



2



λmin (γ)|X(γ)| dγ ≥ A



c M



k∈K m∈M



|X(γ)|2 dγ



c M



2 = AkXk2L2 (M c)×...×L2 (M c) = Akxk2 .



c with positive measure such that λmin (γ) < J Let J > A. Then, there exist a subset Ω ⊂ M for γ ∈ Ω. Let X(γ) equal to 0 when γ ∈ / Ω and equal to unitary eigenvector of H∗ (γ)H(γ) correc)×. . .×L2 (M c) since kFk2 sponding to λmin (γ) when γ ∈ Ω. Notice that X ∈ L2 (M = 2 c 2 c L (M )×...×L (M )



measure(Ω) ≤ 1. The function x = P −1 X satisfies Z Z X X 2 ∗ ∗ hx, Tm fk i = X (γ)H (γ)H(γ)X(γ)dγ = λmin (γ)X∗ (γ)X(γ)dγ ≤ Jkxk2 k∈K m∈M



Ω



Ω



 Therefore, the sequence Tm fk k∈K,m∈M is a frame for `2 (G) if and only if A > 0, and in this case the lower optimal bound is A. In the same way it is proved that the optimal Bessel bound c is B. Since λmin (γ) is a continuous function, A > 0 if and only if λmin (γ) > 0 for all γ ∈ M c. which is equivalent to be the rank of H(γ) equal to L for all γ ∈ M It is easy to check that STm x = Tm Sx. The canonical dual frame is given by (see [8, Lemma 5.1.1]) S −1 Tm fk = Tm S −1 fk = Tm P −1 PS −1 fk = Tm P −1 (H∗ H)−1 Pfk .







 Proof of Theorem 4: If the sequence Tm fk k∈K,m∈M is a Riesz basis then it is a frame. Then, c. by Theorem 3, Rank H(γ) = L = K, and thus det H(γ) 6= 0, for all γ ∈ M c To prove the reciprocal, assume that det H(γ) 6= 0, for all γ ∈ M . Then Rank H(γ) = L  and, from Theorem 3, Tm fk m∈M,k=1,...,K is a frame. Thus, to prove that it is a Riesz basis 12



it only remains prove that it has a biorthogonal sequence [8, Theorem 6.1.1]. Notice that since c, and | det H(γ)| > 0 for all γ ∈ M c, then there | det H(γ)| is continuous on the compact M c. Then the rows of H−1 (γ) belong to exists J > 0 such that | det H(γ)| > J for all γ ∈ M 2 2 c) × . . . × L (M c). We denote by g1 , . . . , gk the inverse polyphase transform (see Proposition L (M 1) of these rows. Thus G(γ) defined by (7) is G(γ) = H(γ)−1 . From (3), we obtain that the M -Fourier transform of ck,k0 =↓M (gk0 ∗ hk ) is Ck,k0 (γ) =



X



Hk,` (γ)G`,k0 (γ).



`∈L



Since G(γ) = H−1 (γ) we obtain that Ck,k0 (γ) = δk,k0 Then, having in mind that the inverse M -Fourier transform of Ck,k = 1 is δ, by using (9) we obtain  hTm0 gk0 , Tm fk i = hgk0 , Tm−m0 fk i = gk0 ∗ hk (m − m0 ) = ck,k0 (m − m0 ) = δk,k0 δm,m0  which proves that the sequence Tm fk m∈M,k∈K is a Riesz basis for `2 (G). The optimal Riesz bounds are the optimal frame bounds [8, Theorem 5.4.1], and then, from Theorem 3, they are A and B.  Proof of Proposition 2: If n ∈ / M we have that there exist ηr ∈ M ⊥ such that hn, ηr i 6= 1 [11, ⊥ Proposition 4.38]. Since M is a group, X X X hn, ηi. hn, η + ηr i = hn, ηr i hn, ηi = η∈M ⊥



η∈M ⊥



η∈M ⊥



Therefore



( L n∈M hn, ηi = 0 n∈ / M. ⊥



X η∈M



(12)



By using this relation, we obtain (↓M x)∧ (ξ + M ⊥ ) =



X



x(m)hm, ξi =



m∈M



1 X X hn, ηix(n)hn, ξi L ⊥ n∈G η∈M



1 X X 1 X = x(n)hn, ξ + ηi = x b(ξ + η). L L ⊥ ⊥ η∈M



n∈G







η∈M



Proof of Proposition 3: We have X X X hk (n)hn, ξi = hk (m − `)hm − `, ξi Hk (ξ) = n∈G



`∈L m∈M



X X X = h`, ξi hk (m − `)hm, ξi = h`, ξiHk,` (ξ + M ⊥ ). `∈L



Then Hk (ξ + η) =



P



m∈M



`∈L h`, ξiHk,` (ξ



`∈L



b η ∈ M ⊥. + M ⊥ )h`, ηi for all ξ ∈ G,







Proof of Corollary 2: For a matrix with integer entries A we define z A as the vector whose A A A k-component is z1 1,k z2 2,k . . . zd d,k . It can be verified that [z A ]B = z AB (see [18, pp. 581-582]).
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Then Hk,` (z + M ⊥ ) =



X



hk (m − `)z −m =



m∈M



=



X



X



hk (Mn − `)z −Mn



n∈Zd



hk (Mn − `)[z M ]−n = Ek,` (z M ).



n∈Zd



(z + M ⊥ denotes an element of Td /M ⊥ ) and analogously G`,k (z + M ⊥ ) = R`,k (z M ). Then H(z + M ⊥ ) = E(z M ),



G(z + M ⊥ ) = R(z M ).



Besides, for any z ∈ Td there exist s ∈ Td such sM = z. Indeed, there exists r ∈ Td such that rjdet M = zj and then [radjM ]M = r(adjM)M = rI det M = z. By using these two facts, the corollary is a consequence of Theorems 2, 3 and 4 and Corollary 1.  ⊥ ∼ Z /M ⊥ with hLm, n + M ⊥ i = W mLn = W mn . c∼ b Proof of Corollary 3: We have M = G/M = s s N Then Hk,` (n + M ⊥ ) =



N −1 X



hk (Lm − `)hLm, ni =



m=0



N −1 X



hk (Lm − `)WN−mn = Ek,` (n)



m=0



and analogously G`,k (n) = R`,k (n). Hence,the corollary is a consequence of Theorems 2, 3 and 4 and Corollary 1, having in mind that E(n) and R(n) are N -periodic.  Proof of Corollary 4: We have −1 X NX   Hk,` (z, n) + M ⊥ = hk (Mu, mL) − ` h(Mu, mL), (z, n)i u∈Zd m=0



=



−1 X NX



 hk (Mu, mL) − ` z −Mu Ws−mLn



u∈Zd m=0



=



−1 X NX



 hk (Mu, mL) − ` [z M ]−u WN−mn = Ek,` (z M , n)



u∈Zd m=0



 and analogously G`,k (z, n) + M ⊥ = R`,k (z M , n). Besides (it was proved in previous proof) for any z ∈ Td there exist s ∈ Td such sM = z. Thus, having in mind the N -periodicity, the corollary is a consequence of Theorems 1, 3 and 4.  ⊥ ⊥ ∼ ∼ c b Proof of Corollary 5: We have M = G/M = (Z2P × Z2Q )/M with 



 2un 2vm (2u, 2v), (n, m) + M ⊥ = W2P W2Q = WPun WQvm 



 (2u+1)n (2v+1)m n m (2u + 1, 2v + 1), (n, m) + M ⊥ = W2P W2Q = W2P W2Q WPun WQvm . Then, the M -Fourier transform of a function h is given by −1 Q−1 X  PX  −n −m H (n, m) + M ⊥ = h0 (u, v)WP−un WQ−vm + h1 (u, v)WP−un WQ−vm W2P W2Q . u=0 v=0



Hence, from Theorem 1, the filter bank satisfies the PR property if and only if R(n, m) E(n, m) = I2 for all (n, m) ∈ Z2P × Z2Q . Since Λ(n + P, m + Q) = Λ(n, m) and Λ(n, m + Q) = Λ(n + P, m), it suffices to consider (n, m) ∈ Z2P × ZQ .  14



References [1] H. Behmard. Nonperiodic Sampling Theorems and Filter Banks. Ph.D. thesis, Dept. of Mathematics, Oregon State University, Corvallis, OR 97331, 1999. [2] H. B¨olcskei, F. Hlawatsch, and H. G. Feichtinger. Frame-theoretic analysis of oversampled filter banks. IEEE Trans. Signal Process., 46(12):3256–3268, 1998. [3] H. B¨olcskei and F. Hlawatsch. Discrete Zak transforms, polyphase transforms, and applications. IEEE Trans. Signal Process., 45(12):851–866, 1997. [4] L. Chai, J. Zhang, C. Zhang, and E. Mosca. Frame-theory-based analysis and design of oversampled filter banks: Direct computational method. IEEE Trans. Signal Process., 55(2):507–519, 2007. [5] A. Chebira, M. Fickus, and D.G. Mixon. Filter bank fusion frames. IEEE Trans. Signal Process., 59:953–963, 2011. [6] B.D. Johnson, and K. Okoudjou. Frame potential and finite abelian groups. Contemp. Math., 464:137–148, 2008. [7] J. Kovacevi´c and M. Vetterli. Nonseparable multidimensional perfect reconstruction filter banks and wavelets bases for Rn . IEEE Trans. Inform. Theory, 38:533–555, 1992. [8] O. Christensen. An Introduction to Frames and Riesz Bases. Birkh¨auser, Boston, 2003. [9] Z. Cvetkovi´c and M. Vetterli. Oversampled filter banks. 46:1245–1255, 1998.



IEEE Trans. Signal Process.,



[10] M. Fickus, M.L. Massar, and D.G. Mixon. Finite Frames and Filter Banks. In Finite Frames: Theory and Applications, P.G. Casazza and G. Kutyniok (Eds.). Birkhauser, 337– 380, 2013. [11] G. B. Folland. A Course in Abstract Harmonic Analysis. CRC Press, Boca Raton FL, 1995. [12] E. Hewitt and K.A. Ross Abstract Harmonic Analysis, Vol 1 and 2. Springer Verlag Berlin, 1970. [13] T. Kalker and I. Shah. A Group Theoretic Approach to Multidimensional Filter Banks: Theory and Applications. IEEE Trans. Signal Process., 44(6):1392–1405, 1996. [14] A. Klappenecker and M. Holschneider. A unified view on filter banks. Wavelet Applications in Signal and Image Processing VI, A. F. Laine, M. A. Unser, and A. Aldroubi, eds, 3458:2– 13, SPIE, 1998. [15] S. Mallat. A wavelet Tour of Signal Processing. Academic Prees, Burlington MA, 2009. [16] W. Rudin. Fourier Analysis on Groups. Wiley, Wiley Classics Library, New York, 1990. [17] V.P. Sinha. Symmetries and Groups in Signal Processing. Springer, New York, 2010.



15



[18] P. P. Vaidyanathan. Multirate Systems and Filter Banks. Prentice Hall, 1993. [19] P. P. Vaidyanathan and A. Kirac. Theory of cyclic filter banks. Proc. IEEE Int. Conf. Acoust., Speech, Signal Process., pp. 2449–2452, 1997. [20] P. P. Vaidyanathan and A. Kirac. Cyclic LTI Systems in Digital Signal Processing. IEEE Trans. Signal Process., 47(2):433–447, 1999. [21] M. Vetterli and J. Kovaˇ cevi´c Wavelets and Subband Coding. Prentice Hall, 1995. [22] E. Viscito and J. P. Allebach. The analysis and design of multidimensional FIR perfect reconstruction filter banks for arbitrary sampling lattices. IEEE Trans. Circ. and Syst., 38(1):29–42, 1991. [23] M. Zedek. Zeroes of Linear Combinations of Polynomials. Proc. Amer. Math. Soc., 16:78– 84, 1965.



16 























Empfehlen Sie Dokumente






[image: alt]





21 Mar 2017 

21.03.2017 - HALLE 4 - EG STAND. SALE & PEPE MAURIZIO PFYFFER. DMN NEW. Brands: KEB. MALLY. - F116. 4-1. OG SHOWROOM. SANDRO VICARI.










 


[image: alt]





Jornada - UC3M 

5 may. 2015 - Tomamos el caso de estudios etnográficos sobre los flujos de información y .... humanas y sociales, etnogr










 


[image: alt]





Untitled - UC3M 

D. Jorge RAMÍREZ PUERTO. General Manager de la European ... D. Gonzalo GÓMEZ RETUERTO. Director del Mercado Alternativo










 


[image: alt]





1 9 MAR. 2016 

de Puerto Varas, otorgado ante la Notario Macarena Constanza Molina. CortÃ©s, suplente del titular, don Bernardo Patrici










 


[image: alt]





los lusiadas - UC3M 

No diga de Alejandro y de Trajano. La fama las victorias que obtuvieron; ...... Con la muerte de Magno tan famosas: A Mé










 


[image: alt]





50 carreras - UC3M 

27 Islas Baleares. 1. 1 ...... batalla por los primeros puestos se libra entre la. Comunidad Autónoma .... de Tenerife,










 


[image: alt]





Francisco de Vitoria - UC3M 

30 nov. 2016 - Dr. Carmen Pérez González, Vice-Dean for International Relations, Faculty ... Trinidad Núñez, Associate P










 


[image: alt]





Programa en PDF - UC3M 

18 nov. 2015 - Dª. Alejandra Frías López. Magistrada, asesora en el Ministerio de Justicia. D. José Manuel Quintana Touz










 


[image: alt]





plazas vacantes para tercera - UC3M 

University of Wisconsin-Madison www.wisc.edu. Inglés. CCSSJJ. ADE / FICO / Economía / Filosofía, Política y Economía. 0.










 


[image: alt]





Teilnahmebedingungen (21. MÃ¤rz 2016) 

Gewinn Platz 2: Abiball oder Party Chauffeur Service in einer Stretch Limo fÃ¼r Dich und Deine. Freundinnen an einem Abend nach Wahl (max. 8 Personen).










 


[image: alt]





Aud-21-2016-Seguimiento - CFE 

DESFASAMENTOS DE HASTA 44 DÍAS NATURALES, COMO ES EL CASO DEL ..... Construcciones Rocha, S.A. de C.V. / Construcciones










 


[image: alt]





Protokoll vom 21. November 2016 

05.12.2016 - Protokoll vom 21. November 2016. Anwesende. KÃ¤the, Markus, Erik, Clara, Hannes, Marcel, Laura. H., Luisa, Alex. Entschuldigt. Leonie, Martin.










 


[image: alt]





evolución curso 2013-14 - UC3M 

navegación por satélite, observación de la tierra y tratamiento de la basura espacial. *Ingeniería de Sistemas para la D










 


[image: alt]





Diagramas de bloques - OCW - UC3M 

[PDF]Diagramas de bloques - OCW - UC3Mecaths1.s3.amazonaws.com/.../1439062718.OCW-tema-5-diagrama-de-bloques.pdfEn caché










 


[image: alt]





Programa de las jornadas - UC3M 

23 oct. 2015 - de Cataluña y Presidenta del Instituto Catalán de las Mujeres y ... DIA 22. 9:30 - Introducción del Semin










 


[image: alt]





Tennis Match Results Mississippi College vs North Alabama Mar 21 ... 

21 mar. 2016 - Mississippi College vs North Alabama. Mar 21, 2016 at Florence, Ala. (UNA Tennis Complex). #39 North Alab










 


[image: alt]





OCBC Cycle Road Race 2016 13th Mar 2016 Dirtraction.com Timing ... 

13 mar. 2016 - WINNIE YEUNG WING YEE. JOYRIDERS. SIN. SIN19750223. 11:23.933 ... COLLEEN ANG. CYCLEWORX. SIN. SIN1969092










 


[image: alt]





OCBC Cycle Road Race 2016 13th Mar 2016 Dirtraction.com Timing ... 

13 mar. 2016 - WILLIAM KINGSLEY JAY PRATT. ALLIED WORLD-CCN. GBR. GBR19860108. 08:16.794. 08:23.123. 08:16.718. 08:12.78










 


[image: alt]





Balance BNC Mar 2016 

31 mar. 2016 - Gastos por obligaciones con el Banco Central de Venezuela. Gastos por captaciones y obligaciones con el B










 


[image: alt]





OCBC Cycle Road Race 2016 13th Mar 2016 Dirtraction.com Timing ... 

13 mar. 2016 - LIM SIAK PENG. 30FORTY. SIN. SIN19760625. 08:40.952 ... JPN19780215. 08:38.553. 08:38.553. DNF. 955. WONG










 


[image: alt]





OCBC Cycle Road Race 2016 13th Mar 2016 Dirtraction.com Timing ... 

13 mar. 2016 - Juniors-A. OCBC Cycle Road Race 2016. 13th Mar 2016. Dirtraction.com Timing. Page 1. Seletar North Circui










 


[image: alt]





OCBC Cycle Road Race 2016 13th Mar 2016 Dirtraction.com Timing ... 

13 mar. 2016 - Juniors-B. OCBC Cycle Road Race 2016. 13th Mar 2016. Dirtraction.com Timing. Page 1. Seletar North Circui










 


[image: alt]





21 mar anexo III.qxd - Gaceta Parlamentaria - Cámara de Diputados 

21 mar. 2013 - Diputados: Presidente, Francisco Agustín Arroyo Vieyra; ... Elena Retamoza Vega, PRI; José González Morfí










 


[image: alt]





OCBC Cycle Road Race 2016 13th Mar 2016 Dirtraction.com Timing ... 

13 mar. 2016 - OCBC Cycle Road Race 2016. 13th Mar 2016. Dirtraction.com Timing. Page 1. Seletar North Circuit. BIB. Par










 











Copyright © 2024 P.PDFDOKUMENT.COM. Alle Rechte vorbehalten.

Über uns |
Datenschutz-Bestimmungen |
Geschäftsbedingungen |
Hilfe |
Copyright |
Kontaktiere uns










×
Anmelden






Email




Password







 Erinnere dich an mich

Passwort vergessen?




Anmelden














